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Abstract - The fundamental equation for the pressure of
adsorbed fluids, containing the potential energy of the ad-
sorbed molecule as an parameter, has been derived on the
basis of the thermodynamios of fluids in the field of adsor-
ption forces. As an example of its applicability, the state
function of krypton adsorbed on the zeolite CaA has been
evaluated., This funotion substantially deviates from that of
the bulk krypton as a result of the smaller number of inter-
acting atoms in the small volumes of adsorbate. On the basis
of the state equations of adsorbed fluids, the equations of
adsorption isotherms for energetically homogeneous adsorben-
ts are derived. From this equations follows, that the shape
of the isotherms in the coordinates amount adsorbed vs, lo-
garithm of the equilibrious gas pressure, is determined by
the state equation whereas its position on the abscissae
axis depends on the potential energy of the adsorbed molecu-
le in the adsorption space.

INTRODUCTION

The phenomenon of physical adsorption is caused by the enhancement of the
density and concentration of fluids on the surfaces of solids or in micro-
pores of solids, as a direct consequence of the ex:l.stegoe ar.):f' the attractive
adsorption forces, This density is dotorminod by the p ,v ,T state relation
of a given_adsorbed fluid. The pressure p of this fluid depends on the
pressure p° of the equilibrious gas existing out side the influence of ad-
sorption forces and on the value of the potential of these forces, further
denoted as . The relation between the above pressures and the potential [
can be evaluated by means of the general thermodynamical condition for equi~-
librium of fluids in the field of external forces with respect to the tran-
sport of matter firstly formulated by J.W.Gibbs. From the above ideas it is
evident, that the theory of physical adsorption may be closely connected
with the theory of state properties of fluids and eventually also with the
extra complications in these properties caused by the presence of the sur-
face of solid.

In the described treatment it is important to choose properly the concept
of the structure of the adsorbed fluid. When the adsorbed fluid forms only
a monolayer on the solid surface, the concept of the two-dimensional (2p)
fluid should be chosen. The properties of this fluid can be described by 2D
state funotions such as the surface pressure 7 and the molar swrface o of
the adsorbed fluid, eto. But when adjacently adsorbed molecules can take
arbitrary positions in three dimensions with respect to each other, the
three-dimensignal (3D) concept of adsorbgd fluid is to be applied and the
3D pressure p and the 3D molar volume v of the adsorbate should be intro-
duced. The latter case concerns e.g. the adsorption of vapours in micropo-
rous solids, which will be mainly disoussed in the present paper. There is
an interesting correspondence between both concepts. As has been shown by
E.A.Flood (ref. 1), they can be easily transformed into one another by a
small change in the language.

Because in our treatment, the thermodynamios in the field of extermal for-
ces is applied, the question of its applicability to adsorption phenomena
should be elucidated. The basic assumption is, that the adsorbate behaves
as a single component substance, remaining distimct and occupying separate
and definite volumes (ref. 2). Than the important limitation of the scope
of the Second Law of thermodynamics in small regions of colloidel systems
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can be overcomed by the interpretation of the state fumctions, such as pres-
sure, temperature, volume, chemiocal potential etc., as_time averaged quanti-
ties., Thus e.g. the physical meaning of the pressure pa is the averaged
force per unit area, which the molecules of the adsorbate on one side of

the infinitesimal surface element exert on the other side. This averaging
is clearly appropriate because of the macroscopic nature of the thermodyna-
mic pressure, in contrast to the molecular dimensions of the surface regi-
ons, As a oconsequence, the Gibbsian condition for the equilibrium of the
fluid, for every point of the adsorption space, where the potential energy
of the adsorbed molecule is @, may be written in the form

u?(p%,1®) + ¢ = u8(p%,7) , T®=T=const. , (1)
where the state functions u“,p“,T‘ (,u.a is the chemical potential of adsor-
bed flgid and T is the tempera.ture) represents the time averaged quanti-
ties. u*¥ is the chemical potential of the equilibrious gas outside the in-
fluence of adsorption forces in the gpace, ghero the potential ¢ is zero.
The relation between the pressures p and p° of the adsorbed and equilibri-
ous gas, respectively, important for the theory of physical adsorption,
follows from the Gibbsian condition of equilibrium, as is olerly seen from
its form (1), similarly as the relation between the surface pressure n and
the gas pressure p- can be gvalu.ated from the Gibbsian adsorption equation.
The explicit form of this p (¢,p ) function is derived and its application
in the analysis of the state properties of adsorbed fluids is demonstrated
in the following chapters.

THE EQUATION FOR THE PRESSURE OF ADSORBED FLUIDS

As has been discussed above, the equation for the evaluation of the pressu-
re p from the adsorption isot&erm oa.g be derived on the basis of egquation
(1). The chemical potentials m and u®, which appears in this equation, de-
pends on the corresponding pressures of the adsorbed and equilibrious gas,
This dependence for the chemical potential of the liquid-like adsorbed
fluid can be written in the form

pa
n® = pt + Ivadpal + T=const. , (2)
1
Py
where nl and pl are the chemical potential and pressure, respectively, of

the bulf 1iquid in the standard state at the temperature T and i is the
change in the chemical potential of the b liquid, when it is transferred
in the adsorption space at the pressure p_ . The chemical potential of equi-
librious vapour at given temperature T is

pG'

€ = ,ug + /vgdps = pg + RTinx + B(pﬁ-pg) e (3)
g
P

[+]

where ,ug is the ogomioaé pgtentia.l of the vapour in the standard state,when
its pressure is p°, x=p°/p° is the relative pressure of equilibrious vapour
and B is the secofd virial® coefficient of the Berliner form of the virial
gas state equation.

Now we try to evaluate the molar volume v® of adsorbed fluid by means of
the adsorbed amount a(x). When only the liguid-like or the gas-like fluid
£ill the volume V_ of the adsorption space, in which the potential gnergy
@ of the adsorbed®molecule has a constant value, the molar volume v  of
this mobile fluid can be evaluated by the relation

v® = Vo/a.(x) ' (&)

vhere a(x) represents the so called full amount adsorbed at relative pres-
sure x and is related to the experimentally meassurable adsorbed amount
aex(x) by the relation

a(x) = a (x) + (257 )/RT , (5)
Here it is important to emphasize, that the relation (4) is not generally

valid. When the volﬂe V_is partially filled by the adsorbed liquid-like
fluid at negative p prgssure and at the same time partially by the gas-
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like fluid of positive pag pressure, this relation is not valid. In this ca-
se eqn.(4) gannot be used for the evaluation of the value of the chemical
potential mu~ according the equation (2).

Vhen we choose for convenience as standard that state of bulk vapour and
liquid, where are in thormodzna{ioal a.gd Teoha.nioal equilibrium, when sepa-
rated with flat interface {(u®=u d p®=zp"), then if the 3D vapour bshaves
as an ideal gas, by substituling equatfon® (2)-(4) into the equilibrium
condition (1) and by rearr ing the obtained expression, the fundamental
equation for the pressure p follows

inx
P = %2 /.a(x)dlnx + pi s T=comst. , (6)
° inz

where pl is the pressure of the bulk liquid in the standard state, equal to

the no al‘saturatod vapour pressure p- at given temperature T and
zzexp[(@F+n" ) /RT] represents the relatiVe pressure of equilibrious vapour,
af which the adsorbed fluid pressure p is equal to the standard pressure
P

)

The equation (6) seems to be the 3D analog of the Gibbsian adsorption equa~-
tion integrated according to Bangham (ref, 3)

1lnx
P %I /a(x)dlnx 4 T=oonst, , (7)
Inx==00

where S is the specific surface of the adsorbent., It is frequently used for
the evaluation of the surface pressure =, Moreover equation (6) contains
the potential energy @ of the adsorbed molecule as parameter. This is con-
nected with the reality, that equation (1) represents the condition of eqi-
librium containing chemical potentials in the integrated form. When the
differential forms of the equilibrium cpndition are used in the evaluations
of adsorbed fluid pressures (such as du =du®, of, ref, 2), the potential
energy @ is included in the integration constant, which dissapears e.g. in
the Bangham’s treatment, in which it is assumed that the surface pressure
is zero when the equilibrious gas pressure approach to zero,

WVhen in an analogous derivation as presented here one chooses the arbitrary
low pressure P, of the gas as standard, one obtains for the pressure p~ the
expression

1np®
p® = %T. a(p€)dinp® + pf , T=const. , (8)
° 1n(zp8)

which for pf » 0 yields the 3D analog of the integrated Gibbsian adsorption
equation

lnx
a _ %’!‘_ /a(x)dlnx , Tsconst., , (9)
o
Inx== 00

where z=exp[(¢+,ux)/RT] and ,u‘ represent the change in the chemical potenti-
al of éhe gas, when it is transferred in the adsorption space at the pres-
sure p-.

+

The fundamental equation (6) for the pressure of the adsorbed fluid is con-
sistent with the known relations valid in special situations, When the de
sity of the adsorbed liquid does no_i_:agepend appreciably on the pressure p ,
the mean value of the molar volume V of the adsorbed liquid can be intro-
duced_in the relation (4). This relation when substituted in the rearranged
form a(x)sV /¥ in (6) yields the approximate expression for the pressure
of the adsofbed liquid (cf. ref.

p?l = [(RT)/?ral]ln(x/z) + pi‘ , T=const. . (10)

The potential energy $ in mesopores as well as ,u‘ are zero. H e, z=1 and
the equation (10) is reduced to the well own exprﬁion for p g from the

theory of capillary condemsation, i.e, p™ = [(RT)/¥ " ]lnx + pg-
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When we know the state equation of the adsorbed fluid, the pressure p‘ can
be evaluated without the _knowledge of adsorption isotherm. The integral in
the expressiomn (2) for B can be evaluated by means of this sta;e function
and by starting from eqms.(1)-(3) the explicit expression for p°(#,x), con-
taining states parameters only, can be derived (ref, 5).

LIMITS OF APPLICABILITY OF THE EQUATIONS FOR THE PRESSURE p*®

It is important to realize that the equations (6),(8) and (9) cannot b.
successfully applied for evaluations of the pressures of adsorbed fluids
from adsorption isotherms corresponding to adsorption proocesses in which
the "phase transitions" with the metastable liquid-like fluid appear. This
can be clearly demonstrated for the pressure p evaluated from the ocapil-
lary condensation isotherm of vapour on a solid having cylindrical pores,
all of radius r, open at one end, diagramuatically shown in Fig. 1,

Fig. 1. Part a) represents the capillary condensa-
b tion at the pressure x=x_ and part b) represents
the copression of condensed liguid correspogging
a.(x) to the increase of the negative pressure p ,
_a when the pressure x increases from x= to x=1,
According to eguation (6) for x>x_., the evalua-
ted pressure p vyields a correct nﬁgative value
agproximatgiy given by the equation
p = [(RT)/¥ " ]inx , in agreement with the theory
of capillary condensation, The reason is, that in
_d _2' ° the pressure range x.>x >1, no phase transition
occurs, i.e., pores are still volume filled by the
inx. 1nx ,kJ/mole liquid-like fluid.

On the other hand the application of equation (9) yields erroneously the
positive pressure p for the equilibrious relative pressure x=1, It is
because in the gas pressure region from x=0 to x=1, the condensation of
the gas-like to the liquid-like adsorbed fluid appears, in which the capil-
1a£ies are filled by the condensed liquid existing in the metastable state
(p <O). It is evident that similar limitation of the applicability of the
integrated Gibbsian adsorption equation (7) has to be taken into account,
if the 2D metastable fluid can exist in the adsorption process. By not re-
speoting the limits of applicability of the equation (lt , or its 2D analog
(0=5/a(x)) the "effective character" of the evaluated equations of states
of adsorbed fluids, described in the literature, can emerge. It should be
also emphasized that all the equations (6)-(9) give correct values of the
adsorbed fluid pressures only in cases, when the isotherms a(x) correspond
to an energetically homogemeous adsorbents, This is offen not taken into
account by many autors,

THE STATE RELATIONS OF ADSORBED FLUIDS

Equations (4),(6) and (9) emable to evaluate p®,v®,T state relations of the
adsorbed fluid from adsorption isotherms. Such an evaluation for krypton is
presented here as an example., The initial data taken from the paper of B.P,
Bering at all (ref. 6) are redrawn in Fig. 2.

20} o .
(a1/1)10° } . § ]
of . § .
| %~e b4 Fig. 2, Adsorption dilatometry
N ] and adsorption isotherms of
-20 | 007 { krypton at 180 K on the zeolite
+ + CaA a) the dependence of the re-
a ] — lative adsorbent granulae lenght
mole/e | P & | A1/1, b) of the amount adsorbed
d’P a(x), both on RTlnx, redrawn from
I+ / 1 the paper of Bering at all
™ 6° . (ref. 6)0
4
o
1 - o
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=15 =TV -3 RTimx, kJ/mole
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As fo*lows from Fig. 2a., at the RTlnx valnai ranging from =15 to =7.2 kJ
mole” , the imequality A1/1<0 bolds. Thus p <O and hence the adsorbed
liquid-like krypton is in the metastable state, For this geason two diffe-
rent forms (6) and (9) of the equation for the pressure p have to be ap-
plied. When the adsorption volume V_ is cgmpletely volume filled by the li-
uid-like fluid, the rigosous valud of p can be evaluated only by the eqn.
?6). The value V_=0,325 cm”/g of the microcavities volume (ref. 7) and the
value 2z given byn'the relation RT1nz=-7.2 kJ/mole corresponding to 41/1=0
have been used in this evaluation together with the assumption that the po-
tential emergy @ of krypton atoms in the volume V_ is comstant. Obviously
this assumption is fulfilled only approximately. ° When at the low gas
pressures x, the demsity of adsorbed krypton deocreases so much, that it is
reversibly converted into the gas-like state, equation (6) turms out not to
be valid any longer. When the evaluation neglects this reality, the obtai-
ned state function has an effective character only. This is oclearly seen
from Fig. 3, where the real and the effeotive parts of the state fumction,
evaluated by means of equ.(4) and (6), are depicted by the full and the
dotted ocurve 1, respectively, (the pressure of the gas-like fluid cannot be
negative). On the other hand, in the range of small adsorbed amounts a(x),
the pressure p- can be determined by eqn. (9) only. At higher adsorbed
amounts, the evaluated state function again acquires the effective charac-
ter in spite of the presence of the "phase transitions" with the Dpresence
of the metastable liquid-like fluid., This is illustrated in Fig. 3 by the
full and dotted parts of the curve 2, The shape of the evaluated real state
funotion p (v ') reminds the van der ¥Waals state function. The hypothetical
part with the positive slope (5p /sv‘) s Joining both real branches of the
state funotion, has been estimated by means of the Maxwell rule (curve 3).
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Fig. 3. The state p>(v®) funotion Fig., 4, the relation between pres-
of krypton adsorbed at 180 K on sure p and proper volume v of
the Zeolite CaA, evaluated by means fluid below the oritical tempera-
of the equs.(4),(6) and (9) from the ture. The reversible "condensa-
experimental data shown on Fig., 2, tion® V~L , V'=L'and V' '—= 13"
The evaluated function strongly de- is shown diagrammatically.

viates from that for the bulk. The
bulk standard state is denoted by .

Next we turn our attention to the mechanism of the transitions of gas~like
to liquid-like adsorbed fluids. Because the micropores of zeolite gaA are
volume filled by the metastable liquid-like krypton at negative p , this
type of filling belongs to the second type of these mechanism (MvFM 2),
the classification of which has been proposed recently (ref, 4). Here, the
stress of the adsorbed liquid is caused by the bridgging of the opposite
waals of the zeolite cavities by the Lkrypton liquid-like clusters and
have nothing common with the classical theory of capillarity, because the
surface of tension cannot be realized in the micropores., But when we over-
look the presence of the field of adsorption forces, this process is for-
mally analogous with reversible capillary condensation in one-side open
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capillaries, discussed above, The "condensation" of such type can be illu-
strated diagrmatica.lly on Fig. 4 as the transition from the state V' to
e state L' on the p,v,T diagram (for simplicity it is assumed that the

p (v",T) function is the same). This tramsition differs from the gorpal bulk
filuid ocondensation under the equal vapour and liquid pressure (p®=p~), ii-
lustrated as the transition V — L. The reversible tramnsition of fhe desori-
bed type (e.g. V' = L’")ocauses the effective character of the state fumcti-
ons, evaluated from the adsorption isotherms, when the adsorption space is
filled according the MVFM 2,

THE CHANGES OF THE STATE EQUATION OF THE MATERIAL IN THE
SMALL VOLUME OR LAYER OF THE ADSORBATE

As evident from Fig. 3, the state equation of adsorbed krypton ocontains
another parameters, than that of the bulk fluid. The above conclusion is
also supported by another result. The evaluation of the potential energy
g of the adsorbatg maz be performed by means 8§ the rearranged Boltzmenn
function ¢=RT1n(p sl/p ), where the pressure p ~, corresponding to given ps
is evaluated from the low pressure region of the adsorption isotherm by
means of equation (9). The value @ for krypton on the zeolite Cad evaluated
in this way is -10.6 kJ/mole. On the other hand oge has RTlnz=@+n =-7.2
kJ/mole., As follows from these data, the value u =3.4 kJ/mole of the per-
turbed chemical potential supports the idea, that the state equation of
krypton largely deviates from that of the bulk fluid, As shown by A.W,
Adamson (ref. 8), the perturbed ohemicg.l potenti of the liquid-like fluid
can be characterized by the relation u =RT1n(pw/p°), where p, is the hypo-
thetical pressure over the adsorbed fluid, remote from the field of forces,
but Eot otherwise changed (its pressure p =p- ). From the determined value
of n it follows that the hypothetical press&re Py is approximately ten ti-
mes higher than the standard pressure of the bulk krypton. This result
agrees well with the theoretical conoclusions (ref. 9). The saturated pres-
sure p, of the vapour, which is in equilibprium with the Iliquid-like clus~
ter of krygton atoms under the pressure p , is higher than the saturated
pressure p- of the bulk ligquid in spite of the smaller number of inter—
acting krthon atoms.

The smaller number of interacting atoms or molecules in the small volume of
the adsorbate is the reason e.g. of the smaller value of the constant a of
the van der Waals equation, as evident from the expressions that follow for
the bulk and adsorbed van der Waals fluid (egns.(11) and (12), respectivelyk

00 D
2 C . 2 Cc
2 N A 2
a= %—J '—%’471':‘(11‘ ’ (11) a= 3 —ghnrdr ’ (12)
a T ar

Here N is the Avogadro number, CA the Kirkwood-Mlller constant, diameter of
the atom or the molecule and D is the diameter of the miocropore cavity.
The equation (12) is approximately valid, when the Law of intermolecular
forces is the same in both ocases (cf. ref.10,11). The critical temperature
of fluids adsorbed in miocropores is clearly substantially lower than the
oritical temperature of the bulk flunid, guite analogously to the case of
2D fluids.

ADSORPTION ISOTHERMS OF VAPOURS ON HOMOGENEOUS
ADSORBENTS

¥hen the relation (4) is quite correct and the equation of state of the ad-
sorbed fluid is known, the equation of the adsorption isotherm can_be eva-
luated on the basis of equations (1)-(4). Here the molar volume v~ of ad-
sorbed fluid has to be the real state funotion and not a mean value core-
sponding to different fluid states in the separate parts of the adsorption
volume V_, Further important assumption is, that the potential energy ']
of the mglooule is constant in any point of the adsorption space. For these
conditions the derivation of equations of adsorption isotherms for the main
state equations is derived. When we again choose the state of the bulk li-
quid and normal saturated vapour at given temperature T as standard and
when we assume that the equilibrious gas behaves ideally, than the conditi-
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on (1) of the equilibrium can be expressed as follows
p*
fl v*ap® + g + p* = RTinx s T=const. (13)
Pe

because u1=pe and p‘."=pg holds, The integral on 1l.h.s. of this equazion can
be evaluated’by mealls ®of the equations of state. The obtained x(v »¥) fun-
ction can be transformed in the equation of adsorption isotherm by means
of the relation (4).

(i) The virial adsorption isotherm
Now consider that the Leyden form of the virial state equation

a_a
BY _ LA B ... (14)
RT Va (va.)2 (va)S .

describes well the pa,va,T state relations of the adsorbed fluid. The eva-
luation of the integral of equation (13) by means of (14) may be performed

per partes

pa. pava. va

/ v3ap? = /d(pava) - /pa‘dva’ , (15)
1 1‘1 1

P, P Yo

where vt is the molar volume of the bulk liquid in the standard state.

From eqfls.(13)-(15) the following equation of adsorption isotherm follows

2A B 2 4o 3
x = exp[(ﬁ-i-;x‘)/RT]Oexp[K + ;E Qo + ﬁzc + -377530 + ..., (16)
where
K=« 2B 4 o and wh Q = 1 .
(;T 2(3335 3(+v1)3 s o) vhere (&%) %,

{ii) The van der Waals adsorption isotherm

The adsorption isotherm for the v.d.Waals equation of state of the adsobed
fluid

(p* +

(“a)z) (v® - b) = RT (17)
v

is derived quite analogously as the virial isotherm on the basis of the
equations (13),(15) and (17

1

v - ’ © 2a ,-
x = exp[(¢+).l‘)/RT]("B'9' - 1)exp[ 1b + 3&1] -0—-’ ‘xp[_’_, 5T e’], (18)
'V'o-b R’IVO 1=-0 1=0

vhere 0 ={(ab)/V . A similar but in form somewhat different equation of the
isotherm has be8n derived by R.M.Barrer and A.B.Robins (ref. 9).

{iii} Adsorption isotherm of fluid described by the Amagat state equation

It is well known, that the state properties of many 2D fluids can be de~
scribed with the Schoefield-Rideal equation (ref. 10), which is the 2D
analog of the Amagat state equation

pe‘(va‘-vb) = iRT , (19)
vwhere V. and i are constants. v, is the covolume and i reflects the inter=
action Between adsorbed moleculls, From (13) and (19) one simply obtains
the equation of the isotherm

1

1, 4iRT : iav, PV
x = exp[(S?’-Uu")/I?»T][-I-’-f(vo_:vh)]1 °xply—a7, - . , (20)

where a is the adsorbed amount.



1874 0. KADLEC

THE GENERAL PROPERTIES OF THE ADSORPTION ISOTHERMS

The adsorption isotherms of fluids in homogeneous field of adsorption for-
ces, when expressed as functions of the amount adsorbed and of RTlnx, can
be separated into two parts, one of which is the potential energy ¢ and the
other, f(a) depends on the state properties of the adsorbed fluid only, i.e.
the general equation can be written

RTlnx = @ + n* + f(a) , (21)
where for the virial state equation (14) one has
00 00
i+ A, i+ 1 Ai .
£(a) = RTin(x/z) = RT1n® + RT| -)&= =S & e oY, (22)
(V) (v2)
i=

and where A1=A, A2=B, A3=C ...8tc, For the v.d.Waals equation it follows

e’ e’ 2a .
f(a) =k + RTln(-l_—or) + RT(T-_—O-:) -3 e, (23)
where v1
b 20
k = RT|1n(=2 = 1) - —=— | + == , (24)
[ b vi-b vi

For the Amagat state equation (19) desoribing the gas-like fluid

iRTa_ 1 iRTav 1
f(a) = RTin(x/z) = iRTln(Vo-aVb -p—l-) + v—-:-a-;; - PyVy - (25)

]

This is illustrated on the isotherms of krypton adsorbed at temperature
T=180 K on the zeolites CaA and NaX, shown in Fig. 5.

Fig. 5. The isotherm of krypton
at T=180 K, evaluated by the eqn.
(20) for different values of 7 =
Zan” and V_=0.325 cm”/g, v, =58.0
cm”/mole 1=0,5. Experimeéntal
isotherms on the zeolite CaA (@)
and NaX (O) are overtaken from

Py the paper of B,.P.Bering at all

L ! L (ref. 6).
~20 -15 =10 RTlnx,kJ/mole

When we use the modified Amagate equation (p®-p )(v®-v_)=iRT for the state
function,of liquid-like krypton (curve 1 in Fig'!' 3) habing p =-33.6 MPa,
v,=58 cm”/mole and 1=0.5, the evaluated and experimental isotherms on Cad

e in good agreement, when 7 =@+u" =-7.12 kJ/mole. For gas-like krypton, the
sjate function of which (curve 2 in Fig. 3) can be described by eqm.(19),
20 and 71=-10,95 kJ/mole, as evident from the Fig. 5.
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